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Green'’s function is used as a basis for considering the flow of a conducting fluid in a pipe
of rectangular cross section with nonconductive walls under a transverse magnetic field
(the Shercliff problem). The distributions of the velocity and induced magnetic field next to
the walls which are parallel to the external magnetic field and near the comers of the pipe
cross section are investigated in detail, especially for large Hartmann numbers. The results
obtained are illustrated graphically.

1. The steady-state flow of a viscous conducting fluid in a rectangular pipe under a
transverse magnetic field is investigated in severalgpapers {1 to 5. We know [1] that if the
external magnetic field H®is homogeneous and if the velocity field and the induced elec-
tric and magnetic fields are independent of the coordinate z measured in the direction of the
pipe axis, then there exists a solution of the equations of steady motion of the conducting
viscous incompressible fluid in the pipe for which the velocity v and the induced magnetic
field H are parallel to the z-axis and satisfy Egs.

dnusH® dv

AH +—5— -=0 (0= (1.1)
H° 0H pP°
Av+%ﬁﬁz—7 (0<y<d) (1.2)

The x-axis lies in the direction of the field H% g, u, 7 are the conductivity, magnetic
pemmeability, and coefficient of viscosity of the fluid, respectively; ¢ is the velocity of
light; 3p/9z = P °is the pressure gradient which is assumed to be constant over the pipe
cross section.

The boundary conditions at the channel walls, which we assume to be nonconductive,
reduce to the vanishing of both v and H at the pipe contour s.

This solution of this problem is given in [I]Pin the form of infinite trigonometric series
whose convergence deteriorates with increasing Hartmann numbers M. Shercliff showed that
for large M his solution is practically identical to the ordinary solution of the one-dimen-
sional Hartmann problem except in the regions adjacent to the channel walls y = 0 and y = d.
‘The same author also obtained a solution of an approximate equation applicable for large
numbers M near the walls parallel to the external magnetic field except for points in the im-
mediate vicinity of the comers. He assumed the second derivatives with respect to x in Eqgs.
(1.1) and (1.2) to be small as compared with the other terms and therefore negligible. The
equations obtained in this way were solved exactly by way of an elegant substitution.

Another method of solving the problem is suggested in [2] and [ 3]. It involves the use of
the Green function in an Eq. of the form

Au — mPu = 0, m = WH°/2c) Vol
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This method makes it possible to obtain solutions directly and in a form convenient for
practical applications for large Hartmaon numbers and at all points of the channel cross
section.

We shall use the method here to obtain the velocity and magnetic field distributions in
the boundary layer parallel to the magnetic field H° and in the neighborhood of the comer
point of the contour.

2. In accordance with the usual procedure, we begin by introducing the functions
wy =v4-qmy’*t-aH

10

sl (777 ¢ p?
(4 o = e 2.1
i) dn Yon' 7= mm (2.1)
my=20 for which we obtain Eqs.
o8 / // Aw, + 2miw, 3z =0 (2.2)
Ve ——— il with the boundary conditions
[ v - w4y = g (s) (2.9
06 / / Further, setting
// 10 ' e
/// ) wy = et e, (2.9)
J— 7 we obtain for the functions ¢_ the follow=
04 l/ A =] ¢ ing Eq.: *
///// 0.5 Ag, —mig, =0 (2.5)
/,/ 23 with the boundary conditions
02 Qulo=et @ gmnz(s)  (2.6)
// Then, in accordance with [3], we kave
I 2.1 v = e gyl ‘}_
’ 78 76 24 77 Mz +gm S N chm (z — E,) d (2.7)
$)
Fig. 1 ®

aH =gm S neshm (€ — x) ds- (2.8)

(s}
where G(x, y, £, 7) is the corres onding Green function, {x, y) is a fixed point of the do~
main bounded by the contour s, (g 1) is a point on this contour, and n is the exterior nor-
mal.

8. Assuming that md >> 1 and ml >> 1, we can be content in 1nvest1gaung the flow near
the channel wall y = 0 with a few terms ‘of the Green function series, since these terms dim=
inish rapldly with a large Hartmann number. Thus, we set

= —Yyn Ko [m V(e —EF +(y— 0 — Ko Im V(& — € + (v +n)*] —
Ko mVETERF—mF+Koln Vie--EF + (y + 1)) -
—Kom VI =2 —ER + (y — ) + Ko [m V@ —z — € + (v + M)} +

tKolm VB To—EF t (y— ] — Ko [m V& 2 — 6 + (g F el 1)
where the terms of orders ™9 and =27 have been omitted. The velocity for 0 <x <1/2
is then given by Formula

2 chmak (2, 4) + L 1 — ) F [ 20 9] —

_ gm? (i -+ x}

v = —qmy? +

chm (I —x) F {1+ =); y] (3.2)

Kilm Ve + (g — 0l Kilm Va? +(y +
) — d (3.3)
Flay) = S { Var+(y—n? Va4 (y + ) } b
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Since y K d, it follows that m (d = y) > 1, m(d + y) > 1, so that by a simple substitu-
tion of variables we can reduce Formula (3.3) to the more convenient form

y _—
4y _ KilmVai1e)
F(a;y) =~ Kolm Va* + ¥} +28(y2+t2)'11/— mdt (3.4)
]
Similarly, we can derive Formula
2, 2(l—x
aH = — q’:i * shmzF (z, y) -+ (ﬂ—(n_r_) shm (I —2) F [(1 — %), y] —
2 |
- ‘E”Llnt’”—).\-hm (I —z) F [ -2), y] (3.8)

Figs. 1 to 3 show curves computed using Formulas (3.2) and (3.5) for the case ml = 7 in
the range 0 x < !/2, where ¢ = my, vy =ml/2, and V is the velocity in the corresponding
Hartmann problem.

4. In conclusion let us compare this solution with the approximate solution obtained by
Shercliff in [1] for the boundary layer at points near the wall y = 0 and at a sufficient dis-

tance from the corner, i.e. for 15
: =|
”,:::<1, m(l—z)y>1 (4.1) gg,, cm

Let us consider the function v, =v — //_ L \
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r 48

—a H introduced by Shercliff, for which in accordance with (3.2) and (3.5) we obtain Expre-
ssion

2
o= v —af = — qmy* + " ™ F (2 y) +
gmi(l—x) 0. gm? (I +x) o
S emENFl =) y) ————— I F U4 2) Y] (4.9
Since m (I — x) > 1, we can neglect terms of the order e-21(1-x) to obtain

2z

Vo= —gmyt 4 qin- F(z; y) (4.3)
i.e.
v
e {lw ) 42\ K (m V& 1 8)
= — 2 . ¢ 2 )

v qmy? -+ {5 Ko(m Vz 4.~1/)+2§(y2—1—12)——--—‘/162__+_t2 dt} (4.4)

Making use of asymptotic representations of the Macdonald function and taking account
of conditions (4.1), we obtain the following Expression for F:

4y 1/ n m2y?
F(z,y) = m 2mzx © ™ (1 + 6mx ) (4.5
Substitating (4.5) into (4.3), we have

mx n 4 2y
o_ = —gmyt + L ]/ F(1+5r) (4.6)

2mx m tmx
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Following Shercliff’s procedvre and introducing the new variable

U=y V2m/x 4.7)
we obtain Va
(i) g 2 ( YE )
74‘qu;;¢<1~—12>-— 5 uzqu_‘/; 1— A u+—1—2~' =
== 1.13 gz (u — 0.443u? + 0.083u9) (4.8)
In [1] the function v_ is given by Formula
" o0
u? % —u?  du ‘ —u?  du \7!
o= arfi— (14 )1~ (Yoo =5 ) (Y o =5 5 ) oo
0 0
o 2 d
. — T u
OXP T I — 0.23 {4.10)

0
Then, to within terms of the order u? Formula (4.9) yields
2 1 5
v_ == qx {1 — (1 -+ _uz_) [1 — 9 (.uw e u3ﬂ} = 1.08 gz (u — 0.46u2 -} 0.083u)(4.11)
Comparison with (4.8) shows that in the region considered Formula {(4.11) is close to the
exact one,
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